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Answer ALL questions.

1. For every p > 1, prove the following statements.
(a) ¢, is linearly isometric to a subspace of L,[0, c0).
(b) ¢, is linearly isometric to a subspace of L,[0, 1].

2. In C[0,1], M; = all constant functions, M, = all functions f such that f(0) = 0,
M3 = all functions f such that f(0) = f(1) = 0.

(a) Show that M, My, and Mj are closed subspaces of C[0, 1].
(b) Is C[0, 1] the direct sum of the three subspaces?

3. Let B; and Bj be the closed unit balls of (X, ||.||1) and (X, ||.||2) respectively. Sup-
pose two norms ||.||; and ||.||o are equivalent, then prove that B; and By are home-
omorphic.

4. Prove the following statements.

(a) Any bounded linear operator T : coy — cgo can be represented by a column-
finite infinite matrix whose entries k;; are scalars with |k;;| < o, Vi, j > 1 and
some o € R.

ny bounded linear operator T : ¢; — ¢ is represented by an infinite matrix

b) Any bounded li tor T : ¢ i ted b infinit tri
(kij) in the sense that (T'w); = D72, kijz; with ||T|| = sup; > 72, |kijl, the
supremum of the column sums of the matrix (|&;;|).

(¢) Any bounded linear operator T": ¢, — {4, is represented by an infinite matrix
(kij) in the sense that (T'w); = D7, kijz; with ||T|| = sup,; > 2, |ki;l, the
supremum of the row sums of the matrix (|k;;|).

(d) Let X be a sequence space £, (1 < p < 00) or ¢y. Any bounded linear operator
T : X — X is represented by an infinite matrix (k;;) in the sense that (Tx); =
> kij.

5. Prove or disprove. Every bounded linear operator T : ¢ — ¢ can be represented by
an infinite matrix (k;;) in the sense that for each x € ¢, (T'w); = Y72, kijx;, the
series being convergent for all 7, z.



