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Vector Subspaces

1. Label the following statements as true or false.

(a) If V is a vector space and W is a subset of V that is a vector space, then W is a subspace of
V.

(b) The empty set is a subspace of every vector space.

2. Determine whether the following sets are subspaces of R? under the operations of addition and
scalar multiplication defined on R3. Justify your answer.

(@) Wy = {(ﬂl,ﬂZ,a3) €R3:a; =3ay and a3 = —az}

(b) Wp = {(611,612,!13) €ER?:a; = a3 —1—2}

(c) W3 = {(a1,a2,a3) €eR3:2ay —7ay + a3 = 0}
(d) Wy = {(ul,@,ag) €R3:a;+2a, —3a3 = 1}
(e) W5 = {(al,az, az) € R3: 5a% — 3a3 + 643 = 0}
(f) We = {(al,az, a3) € R3 : ajara; = 0}

3. Is the set Wy = {(al,az,...,an) e :aq+ay+---+ay :0} a subspace of F""?
4. Is the set W, = {(al,az,...,an) ceF": a1 +a,+---4+a, = 1} a subspace of F""?

5. Istheset W = {f(x) € P(F): f(x) = 0or f(x) has degree n} a subspace of P(F) if n > 1?

6. Consider the vector space P(IR) over the field R. Which of the following subsets are subspaces
of P(R)?

(a) the set of all polynomials of degree n ;
(b) the set of all polynomials of degree less than or equal to n ;

(c) the set of all polynomials of degree greater than or equal to 7 ;
@ {p(x) € P(R) : p(0) = 2017} ;

@© {p(x) € P(R) : p(0) = 0} ;

(f) {p(x) € P(R) : p(1729) = p(1887)}.

7. Let S be a nonempty set and F be a field. Prove that for any sy € S, {f € F(S,F) : f(s0) = O}
is a subspace of F(S, F).
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Let S be a nonempty set and F be a field. Let C(S, F) denote the set of all functions f € F(S, F)
such that f(s) = 0 for all but a finite number of elements of S. Prove that C(S, F) is a subspace
of F(S,F).

Is the set of all differentiable real-valued functions defined on R a subspace of C(IR)? Justify
your answer.

Let C"(R) denote the set of all real-valued functions defined on the real line that have a contin-
uous n' derivative. Prove that C"(RR) is a subspace of F(RR, R).

Let V be a vector space and W a subset of V. The following are equivalent :

(a) Wisa subspace of V;

(b) 0 € W, and whenevera € Fand x,y € W, thenax € Wand x+y €¢ W;

(c) W # @, and, whenevera € Fand x,y € W, thenax €¢ Wand x+y € W;

(d) 0 Wand ax +y € W whenevera € Fand x,y € W.
Let F; and F, be fields. A function ¢ € F(F;, F,) is called an even function if g(—t) = g(t) for
each t € F; and is called an odd function if ¢(—f) = —g(¢) for each t € F;. Prove that the set V,

of all even functions in F(F;, F>) and the set V, of all odd functions in F(F;, F,) are subspaces
of F(F, F,). Also prove that V, + V, = F(F;, F,) and V, UV, = {0}.

Consider the vector space F(C,C) over the field C. Which of the following subsets are sub-
spaces of F(C,C)?

(a) the set of all functions f such that f(0) =0;
(b) the set of all real valued functions ;

(c) the set of all continuous functions.

Let W; and W, be subspaces of a vector space V.

(a) Prove that Wi + W, is a subspace of V that contains both W; and W.
(b) Prove that any subspace of V that contains both W; and W, must also contain W; + W5.

Show that F" is the direct sum of the subspaces

Wy = {(al,az,...,an) €F":a, :0}
and
W2 = {(a]/a21-~.,ﬂn) € F”:ﬂl =y ="-++=da;_1 :0}

Let W; denote the set of all polynomials f(x) in P(F) such that in the representation
f(x) = anx +ay_ 1"+ +a1x + ao,

we have a; = 0 whenever i is even. Likewise let W, denote the set of all polynomials g(x) in
P(F) such that in the representation

g(x) = by X™ + by 1x™ L+ -+ byx + by,
we have b; = 0 whenever i is odd. Prove that P(F) = W; & W,.
Consider the vector space M« (RR) over the field R. Which of the following subsets are sub-
spaces of M, x,(R)?
(a) the set of all matrices whose entries are non-negative ;
(b) the set of all invertible matrices ;

(c) the set of all symmetric matrices ;
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(d) the set of all skew-symmetric matrices ;

(e) the set of all upper triangular matrices ;

(f) the set of all matrices with trace zero.
In My« (F) define Wy = {A € Myxn(F) : Ajj = 0 whenever i > ]} and Wy, = {A €
Miysn(F) : Ay = 0 whenever i < j}. Show that My (F) = Wi © W.

Let V denote the vector space consisting of all upper triangular n x n matrices, and let W,
denote the subspace of V consisting of all diagonal matrices. Show that V = W; © W,, where

Wy = {A € V: Ajj = 0 wheneveri > ]}

A matrix M is called skew-symmetric if M' = — M. Clearly, a skew-symmetric matrix is square.
Let F be a field. Prove that the set W; of all skew-symmetric n x n matrices with entries from F is
a subspace of M, (F). Now assume that F is not of characteristic 2, and let W, be the subspace
of My, «n(F) consisting of all symmetric n x n matrices. Prove that M, ., (F) = W; & Ws.

Let F be a field that is not of characteristic 2. Define
Wp = {A € Myxn(F) : Ajj = 0 whenever i < ]}

and W, to be the set of all symmetric n x n matrices with entries from F. Both W; and W, are
subspaces of M, (F). Prove that M, (F) = Wy & Ws.

Is the set W3 = {(al,uz, a3) : 2ay — 3ay +\/2a3 = 0,a; — 5a3 = 0} a subspace of F3?
Show that the following subsets of R form subspaces of IR over Q :

@ Q

(ii) {Dé—Fﬁ\/i—F’)’\@ tw, B,y € Q}.

In each of the following, find out whether the subsets given form subspaces of the vector space
V.

(@) V = R?, W; = the set of all (x1,x;) such that x; > 0 and x, > 0 and W, = the set of all
(x1, x2) such that x1x; > 0.

b) V=FRR), W = {f : fismonotone}, Wy = {f : f(2) = (f(5))2} and W3 = {f :
f(2) = f(5) } Note that monotone means either non-decreasing or non-increasing.

() V= F(R,R), V = the set of all those functions whose range is finite (i.e., the function
takes finitely many values).

(d) V = F(X,R), where X is the set of all positive integers and W=the set of all f such that
the sequence {f(1), f(2),...} converges.

() V=DPs(F),W = {p € V:p=0ordegreep 22}.
(f) V = P(R) and W = {pe V:p(5) :0}.

(g) V =P(R)and W = {p €V:p(5) # 2}.
(h) V = the power set of R, W = the set of all finite subsets of IR.
(i) V=C"overR,W = {(al,az,...,an) € C" : gy isreal }

G) V=F,W= {(al,ag,...,an) € [F" : a5 is rational }



24. Let W be the set of all (ay, a2, a3, a4, as) in R® which satisfy
3
2611—024—503—[14:0

4
a1+§a3—u5:0

9a1 — 3ay + 6az — 3ay — 3a5 = 0.
Find a finite set of vectors which spans W.
25. Let F be a field and let n be a positive integer (1 > 2). Let V be the vector space of all n x n

matrices over E

Which of the following sets of matrices A in V are subspaces of V' ?

(a) all invertible A ;
(b) all non-invertible A ;
(c) all A such that AB = BA, where B is some fixed matrix in V ;
(d) all A such that A2 = A.
26. Let W; and W, be subspaces of a vector space V such that Wy + W, = V and W; N W, = {0}.

Prove that for each vector x in V there are unique vectors x; in W; and x» in W, such that
X = X1 + Xo.
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